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Comparison of leading and next-to-leading logarithmic electroweak corrections to
Higgs production
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Using soft-collinear effective theory, the leading-log radiative electroweak corrections are written
in a closed and analytical form for the hadronic cross section of Higgs production through vector
boson fusion, qq → qqH , one of the most promising channels for studying the Higgs boson at the
LHC. The simple leading-log resummation is compared with a full next-to-leading-log calculation,
and its accuracy is found to be of order 1% up to 10 TeV, i.e. better than the accuracy of PDFs.
Corrections are found to be larger than predicted by one-loop fixed order approximations at LHC
energies. The method provides a simple way of incorporating the electroweak corrections in software
packages, improving the accuracy of simulations.
PACS numbers: 12.15.Lk, 12.38.Cy, 14.80.Bn
I. INTRODUCTION
The recent discovery of a new boson at the Large
Hadron Collider (LHC)[1, 2] will lead to a detailed study
of its properties in the next years, and will require a
careful comparison of the experimental data with the
results of precise calculations for the Higgs sector of
the Standard Model (SM). Vector boson fusion (VBF),
qq → qqH , is the second largest channel for detecting
the Higgs boson. It is a pure electroweak process and its
study is very important for determining the couplings
and for a deeper knowledge of the Higgs sector[3, 4].
However, at the 10 Tev energy scale of LHC, even the
electroweak radiative corrections become important [5, 6]
and should be included in computer simulations together
with QCD corrections [7–14]. With a partonic center-
of-mass energy
√
s of several TeV - more than an order
of magnitude larger than the masses MW,Z of the gauge
bosons - the radiative corrections contain large Sudakov
logarithmic terms αnLm where α = α1,2 are the weak
coupling constants and the logarithms L = log(s/M2W,Z)
emerge from the two different energy scales. These terms
dominate the perturbative expansion and may even re-
quire resummation when the fixed order perturbation ex-
pansion breaks down. However, for VBF the scatter-
ing amplitude is proportional to the vacuum expectation
value (VEV), and standard resummation methods do not
apply because the effective operator is not a gauge sin-
glet. That makes VBF a special interesting process to
deal with.
The Sudakov logarithms can be regarded as infrared
logarithms since they diverge as MW,Z → 0, and by us-
ing an effective theory they can be converted to ultravio-
let logarithms and summed by standard renormalization
group techniques. Quite recently the soft-collinear effec-
tive theory (SCET) [15–18] has been shown to provide a
simple way to obtain the sum of the series of leading-logs
(LL) αnLn+1, next-to-leading-logs (NLL) αnLn, next-to-
next-to-leading-logs (NNLL) αnLn−1, etc. [19–22]. In
the effective theory the single terms contributing to the
scattering amplitude are multiplied by the general fac-
tor [21]
U(µl, µh) = exp
[
D0(α(µl)) +D1(α(µl)) log
µ2h
µ2l
]
× exp
{
−
∫ µh
µl
dµ
µ
[
A(α(µ)) log
µ2
µ2h
+B(α(µ))
]}
× expF (α(µh)) (1)
where µl ≈ MZ is the low energy scale and µh ≈
√
s is
the high energy scale. The coefficient F is the high scale
matching coefficient, D0 and D1 are the low scale match-
ing coefficients, B is the non-cusp anomalous dimension
and A is the coefficient of the cusp anomalous dimension.
The LL series is summed by the one-loop cusp anoma-
lous dimension; the sum of the NLL series requires the
two-loop cusp anomalous dimension, the one-loop non-
cusp anomalous dimension, and the one-loop low scale
matching coefficient D1; the NNLL series is given by the
the three-loop cusp, two-loop B and D1, one-loop D0
and F , etc. In fact the exponentiated form of Eq.(1)
only requires the inclusion of electroweak corrections at
low orders, while the unexponentiated form of fixed-order
calculations would require electroweak corrections of any
order for achieving the same accuracy. In some recent
papers [23, 24] the method as been used for calculat-
ing the electroweak corrections to Higgs production via
VBF. Numerical results at NLL order were obtained for
the cross section, including the effect of parton distribu-
tion functions (PDFs) [24]. Most of the corrections were
obtained in analytical form by SCET and might be easily
included in the other software packages that have been
developed, without the need of tedious loop calculations.
While PDFs imply a 3% error, many of the retained
terms at NLL order are very small, less than 1%, and
could be neglected in order to speed up the numerical
integration of the cross section. In this paper the simpler
LL order resummation is compared with the full NLL cal-
culation for Higgs production via VBF, and the accuracy
of the two approximations is discussed. The LL calcu-
2lation of the cross section is found to deviate from the
NLL result by less than 1% up to 10 TeV center-of-mass
energy. While the present study gives a useful evaluation
of the accuracy in the SCET resummation, it provides
a very simple and fast analytical way for including the
electroweak radiative corrections in software packages.
In fact at NLL order the one-loop anomalous dimen-
sion turns out to be a 10 × 10 matrix in the operator
basis [24], and the running integral in Eq.(1) requires a
numerical computation. Moreover two-loop beta func-
tions are required for the running of the couplings at the
same order, yielding coupled equations that again must
be solved by a numerical routine. On the other hand,
at LL order the only one-loop term that is required is
the cusp anomalous dimension, and by use of the simple
uncoupled one-loop beta functions the running integral
in Eq.(1) is analytical, yielding a diagonal correction fac-
tor for the differential cross section. Moreover, an exact
cancellation of terms yields the same correction factor
that would be found for the quark scattering qq → qq,
plus Higgs rescattering and wave function renormaliza-
tion terms. NLL terms are still shown to be relevant for
a full description of the dependence on scattering angles
of the differential cross section, but such small depen-
dence is averaged in the integrated cross section.
The paper is organized as follows: in Sec. II the kine-
matics of the VBF process is described and some de-
tails on the integration of the cross section are reported;
the general calculation framework is described in Sec. III
where the operator basis set is defined for the effective
theory and matched onto the low scale and high scale
gauge theories; in Sec. IV the running of the Wilson co-
efficients is discussed and the anomalous dimension is
shown to take a simple diagonal form at LL order; ex-
plicit analytical expressions are derived for the running
integral in Sec. V and the numerical results at LL or-
der and NLL order ar compared with other fixed order
perturbative calculations in Sec. VI.
II. KINEMATICS OF VBF AND CROSS
SECTION
At tree-level, the Feynman diagrams for the process
qq → qqH are shown in Fig.1. The two outgoing jets have
a large rapidity gap that characterizes the VBF channel,
and the background is usually suppressed by cuts (for
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FIG. 1: Diagrams for electroweak Higgs production at tree-
level: t−, u− and s-channel diagrams are reported.
VBF cuts see e.g. Refs. [8, 25–27]).
We denote by p1, p2 the momenta of the incoming
quarks, and by p3, p4 the momenta of the outgoing quarks
(jets). The momentum of the Higgs boson is denoted by
ph, and it is assumed to be on-shell, p
2
h = M
2
h . Quark
masses are neglected, p21 = p
2
2 = p
2
3 = p
2
4 = 0, and all
momenta are taken to be incoming, according to the con-
ventions of Ref. [23]. The kinematic can be expressed in
terms of generalized Mandelstam variables:
s = (p1 + p2)
2 , t3 = (p1 + p3)
2 , t4 = (p2 + p4)
2 ,
u3 = (p2 + p3)
2 , u4 = (p1 + p4)
2 . (2)
In SCET, a set of light-cone vectors is associated
to each collinear direction. They are defined as ni =
±(1,ni), n¯i = ±(1,−ni), with the plus (minus) sign
for incoming (outgoing) particles. For the quarks ni =
±pi/p0i while for the Higgs nh = −ph/
√
(p0h)
2 −M2h.
The colliding quarks (i = 1, 2) carry a fraction xi of
the total hadron momenta,
pµi = xiEcm
nµi
2
, nµi = (1, 0, 0,±1) , (3)
where Ecm is the center-of-mass energy, and the fractions
xi are integrated over in the cross section by use of PDFs
that describe their distribution in the proton. The mo-
menta of the outgoing jets can be written as
p3 = −E3(1, sin θ3, 0, cos θ3) ,
p4 = −E4(1, sin θ4 cosϕ, sin θ4 sinϕ, cos θ4) , (4)
where Ei > 0 are the energies and θi the angles with the
axis of the beam, while ϕ is the azimuthal angle between
the outgoing quarks. The momentum of the Higgs is
fixed by momentum conservation.
In the effective theory, in order to evaluate the cross
section, we square the matrix elements of the effective
operators, sum over helicities, flavors, channels and inte-
grate over phase space:
σEW =
1
2E2cm
∫
dx1
x1
dx2
x2
dΦ3
1
4
∑
hel.
∑
flav.
∑
chan.
×
∑
X,Y
fi(x1)fj(x2) Cˆ
∗
XCˆY 〈OˆX〉∗〈OˆY 〉 , (5)
where OˆX are the effective operators and fi(x) are the
PDF for the flavor i at momentum fraction x, and a factor
of 1/2 must be included for identical particles in symmet-
ric phase-space integrations. The Wilson coefficients Cˆ
are obtained in terms of tree-level high scale coefficients
C by matching at the high scale, running down to the low
scale and matching at the low scale according to Eq.(1),
Cˆ(µl) = U(µl, µh) · C(µh) (6)
which must be regarded as a matrix product in the oper-
3ator basis set. The three-body phase space dΦ3 reads[24]∫
dΦ3 =
∫ ∏
i=3,4
d3pi
(2π)32Ei
d4ph
(2π)3
θ(−p0h)δ(p2h −M2h)
× (2π)4δ4(p1 + p2 + p3 + p4 + ph)
=
1
26π4
∫ ∏
i=3,4
[
EidEi d(cos θi)
]
dϕθ
( 4∑
j=1
p0j
)
× δ
[( 4∑
j=1
pj
)2
−M2h
]
=
1
26π4
∫
d(cos θ3) d(cos θ4) dϕdE3
E3f1
f22
. (7)
where
f1 = x1x2E
2
cm −M2h − [x1 + x2 + (x2 − x1) cos θ3]EcmE3
f2 = [x1 + x2 + (x2 − x1) cos θ4]Ecm − 2[1− cos θ3 cos θ4
− cosϕ sin θ3 sin θ4]E3 . (8)
The remaining integrals in Eq. (7) must be carried out
numerically with the boundary conditions
0 ≤ θ3, θ4 ≤ π , 0 ≤ ϕ ≤ 2π ,
M2h
E2cm
≤ x1 ≤ 1 , M
2
h
x1E2cm
≤ x2 ≤ 1 ,
0 ≤ E3 ≤ x1x2E
2
cm −M2h
[x1 + x2 + (x2 − x1) cos θ3]Ecm , (9)
While we already included the bounds of the PDFs, the
boundaries can be restricted by further cuts that we
might impose on the phase space in the integration.
III. EFFECTIVE THEORY AND OPERATOR
BASIS SET
Electroweak corrections can be obtained by SCET in
the framework of Ref. [19, 22]. The extension to the VBF
process was derived in Ref. [23, 24], and the explicit ex-
pressions are reported in Ref. [24]. Here we only consider
the SM gauge group. Extensions like the minimal left-
right symmetric gauge group[28] will be the subject of an
other paper.
The first step consists of matching onto SCET at a
high scale µh ∼
√
s. Here the effects of symmetry break-
ing are suppressed, and the matching can be done in the
unbroken gauge theory. Next we run the effective oper-
ators down to a low scale µl ∼ MZ by renormalization
group equations. At the low-scale, the W and Z boson
are integrated out: we match onto a SU(3)×U(1) effec-
tive theory, only containing gluons and photons. In this
low-scale matching, the effects of SU(2)× U(1) symme-
try breaking must be considered. They only enter in this
low-energy matching.
At the high scale, the operators for VBF are given
by [23, 24]
O1A,B = O1OA , O1OB ,
O2A,B,C = Oa2OaA , Oa2OaB , Oa2OaC ,
O3A,B = O3OA , O3OB ,
O4A,B,C = Oa4OaA , Oa4OaB , Oa4OaC . (10)
In the Higgs sector we introduce the operatorsO1, . . . , O4
O1 = Φ
†
hφ0 + φ
†
0Φh ,
Oa2 = Φ
†
hT
aφ0 − φ†0T aΦh ,
O3 = Φ
†
hφ0 − φ†0Φh ,
Oa4 = Φ
†
hT
aφ0 + φ
†
0T
aΦh , (11)
where Φh = W
†
nh
φnh is the collinear scalar doublet φnh
that gives rise to a Higgs boson, with its collinear Wilson
line Wnh . The field φ0 is a soft scalar that gives rise to a
VEV when the symmetry is broken. For the quarks we
introduce the operators
OA = Ψ¯3γ
µT aΨ1Ψ¯4γµT
aΨ2 ,
OB = CF Ψ¯3γ
µΨ1Ψ¯4γµΨ2 ,
OaA = Ψ¯3γ
µT aΨ1Ψ¯4γµΨ2 ,
OaB = Ψ¯3γ
µΨ1Ψ¯4γµT
aΨ2 ,
OaC = iǫ
abc Ψ¯3γ
µT bΨ1Ψ¯4γµT
cΨ2 , (12)
with the subscript i = 1, . . . , 4 that labels the momentum
pi of the particle. CollinearWilson lines Ψi =W
†
ni
ψni are
included in all these fermion fields, according to collinear
gauge invariance. In order to keep the notation as gen-
eral as possible, the projectors PR,L = (1 ± γ5)/2 have
been suppressed, and both left- and right-handed quarks
have been allowed. Of course the field Ψi is supposed to
be a fermion doublet (singlet) if it is left-handed (right-
handed).
Each helicity is considered separately and the contri-
butions are combined at the end. It is quite obvious that
the operators OA and OaC can only make sense if the
quarks are left-handed, while the operators OaA and OaB
are allowed if at least one of the incoming particles is
left-handed.
As discussed in Ref.[24] this operator basis is not com-
plete, because it only suffices for quarks and for the t-
channel. However for incoming anti-quarks and for the
u-channel the corresponding operators are obtained by
interchanging the particle labels. Thus we will only dis-
cuss the case of incoming quarks in the t-channel.
At LL and NLL order the tree-level high-scale match-
ing suffices, and can be done in the unbroken phase of
the electroweak gauge theory. The coupling of the scalar
doublet to the gauge fields is described by the Lagrangian
terms
L = 1
4
(
g22A
a
µA
aµ + g21BµB
µ
)
Φ†Φ
+ g1g2B
µAaµ Φ
†T aΦ . (13)
4In Fig. 1 we only need to consider the t-channel, be-
cause the s-channel contribution is suppressed in VBF.
Matching onto the operators in Eq. (10), yields
C1A(µ) =
ig42(µ)
2t3t4
η1η2 , C1B(µ) =
2ig41(µ)
3t3t4
Y1Y2 ,
C4A(µ) =
ig21(µ)g
2
2(µ)
t3t4
η1Y2 ,
C4B(µ) =
ig21(µ)g
2
2(µ)
t3t4
Y1η2 . (14)
while the other coefficients vanish at tree level. In order
to keep the notation as general as possible, a new variable
ηi has been defined: ηi = 1 if the particle with label i
is left-handed and ηi = 0 if the particle is right-handed.
The hypercharge is Y = 1/6 for left-doublets, while for
right-handed particles Y = 2/3 for up-type quarks and
Y = −1/3 for down-type quarks.
The running of the Wilson coefficients follows by the
RG equation
µ
d
dµ
C(µ) = γ(µ)C(µ) , (15)
in terms of the anomalous dimension γ of the operators.
That is a matrix equation, corresponding to the 10 op-
erators in Eq. (10). Using the notation of Eq.(1) the
anomalous dimension can be written as the sum of cusp
and non-cusp terms
γ(µ) = A(α(µ)) log
µ2
µ2h
+B(α(µ)) , (16)
We only need the one-loop cusp anomalous dimension
at LL order, while two-loop cusp and one-loop non-cusp
terms were required at NLL order and were reported in
detail in Ref. [24].
Finally, let us consider the low energy matching. The
tree-level result suffices at LL order. The one-loop calcu-
lation was required at NLL order and was also reported
in Ref. [24]. At low energies we must take into account
the effects of electroweak symmetry breaking. We match
onto a basis of operators in the broken phase of the gauge
group.
For the Higgs part of the operator, given in Eq. (11),
the soft scalar field simply attains a VEV and the
collinear scalar field produces a Higgs. Thus at tree-level
the low energy matching yields
{O1, Oa2 , O3, Oa4} → {1, 0, 0,−δa3/2}vh (17)
where v is the VEV and h is the Higgs field.
The quark part in Eq. (12) gets matched onto the set
OˆA = u¯3γ
µu1u¯4γµu2 ,
OˆB = u¯3γ
µu1d¯4γµd2 ,
OˆC = d¯3γ
µd1u¯4γµu2 ,
OˆD = d¯3γ
µd1d¯4γµd2 ,
OˆE = d¯3γ
µu1u¯4γµd2 ,
OˆF = u¯3γ
µd1d¯4γµu2 . (18)
Here u and d denote up and down-type quarks. For op-
erators OˆA, . . . , OˆD, the pairs of fields ψ¯γ
µψ can be left-
handed or right-handed, whereas in OˆE and OˆF all fields
must be left handed. We match {O1A,B, O4A,B,C} onto
the operators {OˆA, . . . , OˆF } in Eq. (18), while we ignore
Oa2 and O3 which vanish at tree level. The matching
is described by the 6 × 5 matrix R(0) which is defined
according to
Oi → vh
∑
J
OˆjR
(0)
ji , Cˆj = v
∑
i
R
(0)
ji Ci , (19)
so that ∑
i
CiOi →
∑
i
CˆihOˆi . (20)
The matrix R(0) follows
R(0) =
1
4


1 3 −1 −1 0
−1 3 −1 1 0
−1 3 1 −1 0
1 3 1 1 0
2 0 0 0 −1
2 0 0 0 1

 . (21)
IV. ANOMALOUS DIMENSION AND
RUNNING
At LL order, one-loop corrections enter through the
cusp anomalous dimension. For VBF the one-loop terms
contributing to the anomalous dimension were derived in
Ref. [23] and reported in detail in Ref. [24]. They can be
written as the sum of three terms
γ = γC + γS + γˆ. (22)
The first term γC is the collinear anomalous dimen-
sion, it is diagonal and contains the large logarithms
that contribute to the cusp anomalous dimension, plus
wave function renormalization terms. Resummation at
LL order requires the inclusion of these one-loop terms,
and they are easily obtained by the sum of single-particle
collinear terms [22, 29] for all the external particles
γC =
∑
i
γiC + γ
h
C (23)
As reported in Ref. [24], with the shorthand
Li = log
n¯i · pi
µ
, (24)
the quark one-loop collinear terms γiC read
γiC =
[3α2
4π
ηi +
α1
π
Y 2i
]
Li − 9α2
16π
ηi − 3α1
4π
Y 2i , (25)
while the Higgs one-loop collinear term γhC is
γhC =
[3α2
4π
+
α1
4π
]
Lh − 3α2
4π
− α1
4π
+
3y2t
16π2
, (26)
5where we included the contribution from the top Yukawa
yt to the Higgs wave function renormalization.
The second term γS in Eq.(22) is the soft anomalous di-
mension that is obtained by summing over the soft func-
tions [22, 29], and is reported in Ref. [24] in some detail.
This soft term does not contain any large logarithm and
does not contribute to the cusp anomalous dimension. It
only depends on the scattering angles of the external par-
ticles, and its effect largely cancels in the integration of
the cross section. At LL order this term can be neglected.
The third term γˆ in Eq.(22) is a specific new contri-
bution occurring in the VBF process [23], and can be
written as the sum of SU(2) and U(1) parts plus a term
γˆλ arising from the rescattering of the Higgs boson. The
first two parts contain cusp diagonal terms proportional
to logµ, and smaller non-cusp off-diagonal terms that do
not depend on the scale µ. At LL order we only need
to retain the diagonal cusp terms and the rescattering
term that is non-cusp but is large because of the large
self-coupling λ of the Higgs boson. We also include the
diagonal wave function renormalization terms. Accord-
ing to Ref. [24], the cusp parts of the SU(2) contribution
read
γˆ
SU(2)
1A,1B = −
3α2
8π
[2Lh + 1] (27)
for the coefficients C1A, C1B ,
γˆ
SU(2)
4A =
α2
8π
[2Lh − 4η1(L1 + L3) + 1] (28)
for the coefficient C4A and
γˆ
SU(2)
4B =
α2
8π
[2Lh − 4η2(L2 + L4) + 1] (29)
for the coefficient C4B. The cusp part of the U(1) con-
tribution is
γˆU(1) = −α1
8π
[2Lh + 1], (30)
and the Higgs rescattering contribution is given by
γˆλ =
cOλ
4π2
(31)
where cO = {3, 3, 1, 1} for the coefficient
{C1A, C1B, C4A, C4B}.
Summing all the terms, we find that the dependence
on Lh cancels (up to non-cusp terms like the difference
Lh −Li that can be neglected at LL order), yielding the
following simple result for the total anomalous dimension
γ =
3α2
4π
∑
i
ηiLi +
α1
π
∑
i
Y 2i Li + γnc (32)
where the sum is over the four external quarks. Here
γnc is the sum of the retained diagonal non-cusp terms,
including constant wave function renormalization and
Higgs rescattering terms
γnc = −9α2
16π
[∑
i
ηi + d
O
]
−3α1
4π
[∑
i
Y 2i +
1
2
]
+
3y2t
16π2
+γˆλ
(33)
where dO = {2, 2, 10/9, 10/9} for the coefficient
{C1A, C1B, C4A, C4B}. Some of these terms are small,
but they are constant, do not depend on scattering an-
gles, and their weight might sum up in the integration
of the cross section. All other non-cusp terms have been
neglected.
The simple result of Eq.(32) says that the one-loop
cusp anomalous dimension is the same that we would
obtain by the sum of the collinear terms for the external
quarks, neglecting the Higgs particle. However the Higgs
momentum would affect the kinematic of the quarks any-
way. Moreover the Higgs rescattering and wave function
renormalization terms are not small and have been in-
cluded in the non-cusp part γnc of the anomalous dimen-
sion.
V. RADIATIVE CORRECTIONS AT LL ORDER
At LL order the running of the coupling constant
can be evaluated by uncoupled one-loop beta functions.
That, together with the simple diagonal form of the one-
loop cusp anomalous dimension in Eq.(32), allows for a
fully analytical evaluation of the electroweak radiative
corrections.
By insertion of Eq.(19) in Eq.(1), the low scale Wilson
coefficients follow from Eq.(6) that now reads
CˆY (µl) = v
∑
Y
R
(0)
Y X


∏
(α)
A(α)X (µl, µh)

CX(µh) (34)
where the product runs over the four couplings α =
α1, α2, αy, αλ, having defined αy = y
2
t /(4π) and αλ =
λ/(4π), and the exponentiated running factors follow by
integration of the corresponding anomalous dimension
A(α)X (µl, µh) = exp
{
−
∫ µh
µl
γ
(α)
X (µ)
µ
dµ
}
. (35)
Here γ
(α)
X is the term proportional to the coupling α in
the anomalous dimension for the Wilson coefficient CX .
By inspection of Eq.(32), we see that such terms can be
written as functions of t = logµ
γ
(α)
X = α
[
aαt+ F (α)X (p)
]
(36)
where for each coupling α there is a different coefficient
aα, while F (α)X (p) is a function of the external momenta
p ≡ (p1, p2, p3, p4) that in general also depends on the
chosen coefficient CX . The explicit expressions of the
6functions are
F (1)X (p) =
1
π
∑
i
Y 2i log(n¯i · pi)−
3
4π
[∑
i
Y 2i +
1
2
]
,
F (2)X (p) =
3
4π
∑
i
ηi log(n¯i · pi)− 9
16π
[∑
i
ηi + d
O
]
,
F (y)X (p) =
3
4π
,
F (λ)X (p) =
cO
π
, (37)
while the coefficients are
a1 =− 1
π
∑
i
Y 2i ,
a2 =− 3
4π
∑
i
ηi ,
aλ =0 ,
ay =0 . (38)
In all these definitions the sums are over the external
quarks. The couplings also have an implicit dependence
on t, dictated by the one-loop beta-functions
dαi
dt
= biα
2
i . (39)
These can be easily integrated, yielding(
αi(tl)
αi(th)
)
= 1− biαi(tl)(th − tl) (40)
where the one-loop coefficients are well known[30]
b1 =
41
12π
,
b2 =− 19
12π
,
bλ =
3
π
,
by =
9
4π
. (41)
By a simple integration, the running factors in Eq.(35)
take the explicit general form
A(α)X (µl, µh) =
(
µh
µl
)aα
bα
×
(
α(tl)
α(th)
)[ 1
bα
(
aα
bαα(tl)
+ aαtl + F (α)X (p)
)]
(42)
and their product in Eq.(34) gives an analytical expres-
sion for the electroweak radiative correction at LL order.
The cross section follows by insertion of the low scale Wil-
son coefficients from Eq.(34) in the phase space integral
of Eq.(5) and integrating by PDFs. The closed analytical
form of Eq.(42) greatly speeds up the numerical integra-
tion of the cross section at LL order compared with NLL
order. We discuss the accuracy of the two orders in the
next section by a direct comparison.
VI. LL VS. NLL ORDER: NUMERICAL
RESULTS
In this section the accuracy of the approximation is
tested by a comparison between LL and NLL orders. All
the details of the numerical integration are kept exactly
the same as reported in Ref. [24] where the cross sec-
tion was evaluated at NLL order. We summarize them
briefly. The low energy matching scale is chosen to be
µl =MZ . The couplings and parameters of the standard
model have been set at the electroweak scale µl = MZ
according to the data of Ref.[31]. The Higgs mass is as-
sumed to be MH = 125 GeV. The high scale µh is set at
the larger value between MZ and the geometric average
µ2 =
√
t3t4. At this scale the sum of logarithmic terms
ln(−t3/µ2)+ln(−t4/µ2) reaches its minimum in the one-
loop matching. As discussed in Ref. [24] this choice has
the merit of stopping the running whenever one of the
Mandelstam variables is too small, while keeping the ne-
glected one-loop matching terms as small as possible. On
the other hand the sensitivity to the choice of the high
scale was shown to be small and comparable to the sen-
sitivity of the standard tree-level cross section. 1 We
use CTEQ6 PDFs[33] and neglect the very small con-
tribution of t and b quarks. Moreover we neglect the
s-channel contribution and interference terms that are
known to be small with VBF cuts. The masses of the
vector gauge bosons are restored in the denominators of
the coefficients in Eq. (14), as their effects become im-
portant when the total cross section is evaluated. Here-
after, in order to compare with the NLL calculation of
Ref. [24], we adopt the same cuts on angles and transverse
moment: θ3 > 10
o, θ4 < 170
o, pT > 20 GeV. No QCD
corrections have been included in both calculations, and
only the virtual electroweak corrections are considered
by the method.
The terms contributing to the cross section at tree-level
are reported in Fig.2. The ud → du process dominates,
followed by the other Left-Left terms. The Left-Right
contributions are two order of magnitude smaller, while
the Right-Right terms are very small and have been ne-
glected. In Fig.2 a sum over the generations of quarks is
included through the PDFs.
As a first comparison we study the single terms in the
phase space, and for each of them we calculate the K-
1 At variance with variational approaches the principle of minimal
sensitivity does not hold. The best choice of µh should make the
omitted terms small, as for the method of minimal variance[32].
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FIG. 2: Terms contributing to the cross section at tree-level,
as a function of Ecm, with the cuts: θ3 > 10
o, θ4 < 170
o,
pT > 20 GeV.
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FIG. 3: The factor K = σEW /σtree for the process uLdL →
dLuL as a function of θ = θ3 = 180
o
− θ4, at ϕ = 90
o, x1 =
x2 = 0.5, Ecm = 14 TeV and E3 = x1x2Ecm/2. The result
at LL order (solid line) is compared with the NLL order data
points (squares).
factor which is defined as the ratio between the cross
section with electroweak corrections on, and the tree-level
cross section without any radiative correction
K =
σEW (θ3, θ4, ϕ)
σtree(θ3, θ4, ϕ)
, (43)
where the differential cross sections are evaluated for
fixed values of x1,x2, E3 and Ecm, and for a given set
of angles. Here the simple LL calculation is compared
with the NLL result of Ref. [24]. In Figs. 3-10 the K-
factor is reported as a function of θ = θ3 with θ4 = π−θ3
and ϕ = π/2 at a typical set of parameters: Ecm = 14
TeV, x1 = x2 = 0.5 and E3 = x1x2Ecm/2. The agree-
ment of LL and NLL results is very good at small angles.
As expected, at LL order the dependence on angles is
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FIG. 4: The same as Fig.3 for the process uLdL → uLdL.
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FIG. 5: The same as Fig.3 for the process dLdL → dLdL.
reduced in comparison with the NLL result, because the
neglected terms have a larger dependence on the scatter-
ing angles. However for θ < 90o, in the physically rele-
vant phase-space region, the difference is small and the
LL result (solid line) interpolate the NLL data (squares)
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FIG. 6: The same as Fig.3 for the process uLuL → uLuL.
8 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 0  20  40  60  80  100 120 140 160 180
K-
fa
ct
or
θ
NLL
LL
uR dL → uR dL 
FIG. 7: The same as Fig.3 for the process uRdL → uRdL.
quite well. The dependence on the azimuthal angle φ is
very small and negligible for θ < 90o, in perfect agree-
ment with the NLL order.
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FIG. 8: The same as Fig.3 for the process uLuR → uLuR.
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FIG. 9: The same as Fig.3 for the process dLdR → dLdR.
We find a better agreement for the Left-Right processes
(Fig. 7-10) where the radiative corrections are larger,
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FIG. 10: The same as Fig.3 for the process uLdR → uLdR.
than for Left-Left processes (Fig. 3-6) where the cor-
rections are smaller. Thus the very large suppression of
the Left-Right processes is mainly due to the role played
by the collinear anomalous dimension. It is remarkable
that such large suppression has no relevant effects on the
total cross section which is dominated by the Left-Left
processes.
The single terms are integrated by PDFs over the phase
space and summed up, yielding the cross section σEW .
By comparison with the tree level cross section, the rel-
ative electroweak correction is defined as the ratio
∆σ
σ
=
σEW − σtree
σtree
, (44)
and is displayed in Fig.11 as a function of the center-of-
mass energy. For comparison the NLL result of Ref. [24]
is also reported in Fig.11 together with the output of the
code HAWK[5, 6] that is based on a fixed order pertur-
bative calculation.
While differences are negligible below 2 TeV, at large
energies LL and NLL corrections grow faster than pre-
dicted by fixed order one-loop calculations, reaching 9%
at the full LHC energy Ecm = 14 TeV, to be compared
with 5% predicted by HAWK. At LL order the correc-
tion is a bit smaller with respect to NLL order, but the
difference is less than 1% up to Ecm = 10 TeV. Thus the
simple LL calculation provides an analytical electroweak
correction that seems to be more reliable than fixed order
calculations at high energies. While fixed-order perturba-
tive calculations might miss part of the correction at the
LHC energy scale, the simple LL resummation contains
the main terms, and gives integrated corrections that are
more accurate than PDFs. Insertion of the simple ana-
lytical result of Eqs.(34),(42) in software packages would
be straightforward, and would increase the accuracy of
simulations.
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